Pöschl-Teller-driven solutions for quantum mechanical fluctuations are triggered off by single scalar field theories obtained through a systematic perturbative procedure for generating deformed defects. The analytical properties concerning the quantum fluctuations in one-dimension, zeromode states, first-and second-excited states, and energy density profiles are all obtained from deformed topological and non-topological structures supported by real scalar fields. Results are firstly derived from an integrated λφ 4 theory, with corresponding generalizations applied to starting λχ 4 and sine-Gordon theories. By focusing our calculations on structures supported by the λφ 4 theory, the outcome of our study suggests an exact quantitative correspondence to Pöschl-Teller-driven systems. Embedded into the perturbative quantum mechanics framework, such a correspondence turns into a helpful tool for computing excited states and continuous mode solutions, as well as their associated energy spectrum, for quantum fluctuations of perturbatively deformed structures. Perturbative deformations create distinct physical scenarios in the context of exactly solvable quantum systems and may also work as an analytical support for describing novel braneworld universes embedded into a 5-dimensional gravity bulks.
I. INTRODUCTION
Defect structures of topological (domain walls) and non-topological (bell-shaped lumps) origin are finite energy static solutions of classical field theories. Besides their notwithstanding relevance in the construction of nonlinear theories [1, 2] , defect structures have become very popular in high energy physics, for describing braneworld models [3] [4] [5] [6] [7] [8] [9] , phasetransitions and seeds for structure formation of the very early Universe [10] [11] [12] [13] , or even the existence of magnetic monopoles in the context of the particle physics [14] . In particular, kink-like structures have been considered either for restoring the symmetry of inflationary universes [15, 16] , or for triggering off mass generation mechanisms for fermions under some sort of symmetry breaking process [17, 18] . In solid state physics [19] , topological defects are namely relevant in describing charge transference in diatomic chains [20] [21] [22] , and also in encompassing skyrmion models [23] . Finally, on the front view of technological applications, high-speed packet-switched optical networks have also included non-topological lump-like models as drivers of bright solitons in optical fibers [24, 25] .
Deforming defect strategies for generating novel analytical scenarios of topological (kinklike) and non-topological (lump-like) structures exhibiting some kind of either physical or mathematical appeal have already been largely explored in the literature [10] [11] [12] [26] [27] [28] .
For instance, the sine-Gordon (SG) model [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] is also known by working as the hedge of an enormous variety of reshaped topological models. Obtaining analytically manipulable defect structures, in the most of times, solutions of nonlinear partial/ordinary differential equations, frequently requires some outstanding mathematical technique as a guidance for creating resolvable analytical protocols [26, 28, [40] [41] [42] .
The perturbative procedure proposed here is possibly much more simplistic than some well-consolidated strategies [1, 2, 19, 43, 44] , for instance, as those used for obtaining cyclically deformed defect structures [45] [46] [47] . Nevertheless it brings up an advantageous, and eventually unique, connection with Pöschl-Teller potentials in quantum mechanics [48] .
The Pöschl-Teller potential is a particular class of quantum mechanical (QM) potentials for which the one-dimensional Schrödinger equation can be analytically solved in terms of Legendre polynomials, L(u), when u is identified with either hyperbolic (∼ sech(y)) or trigonometric (∼ sec(y)) functions. These potentials are circumstantially required in the analysis of topological solutions bearing nonlinear equations, as solitary waves throughout Bose-Einstein condensates, or in quantum problems supported by some curved geometrical background [49] [50] [51] [52] [53] [54] [55] . Given such a geometrical nature, one might suppose the existence of some similarities between Pöschl-Teller QM potentials and the hyperbolic and trigonometric cyclic chains of deformed topological structures as those obtained from Refs. [45, 46] , as it is indeed noticed.
Throughout this paper a set of analytical properties relative to the QM fluctuations in one-dimension scenarios arises due to topological and non-topological scalar field scenarios obtained from perturbatively deformed defect structures. Perturbative structures admitting an integrated λφ 4 theory are obtained, and straightforward generalizations for deformed λχ 4 and sine-Gordon theories are identified. In this context, the quantitative correspondence with Pöschl-Teller-driven systems, in the scope of QM perturbations, are essential for computing excited states, continuous mode solutions, and the energy spectrum, for the quantum fluctuations of the mentioned perturbatively deformed structures. In parallel, such novel perturbative solutions for scalar fields can also be introduced into an analytical scheme for constructing brane models of single real scalar fields coupled to 5-dimensional gravity warped into 4-dimensions [56] [57] [58] [59] [60] .
The outline of our work is as follows. In Section II, the regular procedure for obtaining perturbatively deformed defects is introduced. Defect profiles, associated energy densities, and the corresponding driving potentials supported by primitive well-known one-dimensional defect structures are all identified, and analytical expressions are derived as to show some dependence on a running perturbative parameter, k. In Section III, the approximated Pöschl- 
for which the coupling constants have been absorbed by scalar field and coordinate redimensionalization [29, 45] .
Reporting about a parametrization in terms of generalized BPS functions [61, 62] , the nonlinear equations of motion for (static configurations of) the associate scalar field can be turned into first-order equations given in terms of an auxiliary superpotential, u(ϕ), such that one may identify the corresponding potential by
for ϕ ≡ φ, χ, η. First-order equations can be evaluated as to give [29, 45] φ(y) = tanh(y),
defects which were extensively discussed in the literature, in the context of defect deformation procedures [40] [41] [42] , cyclic deformations [45, 46] , and brane and particle physics scenarios [4, 63, 64] .
The perturbative deforming procedure consists in defining an algebraic expression for derivatives of the analytical indefinite integrals of the primitive defect, ϕ(y), in terms of a perturbation parameter, k, to yield
− ds ϕ(s)
with α and β arbitrary parameters. From results given by Eq. (3), one immediately notices that the λφ 4 leads to perturbed kink solutions, and deformed λχ 4 and λη 4 defects lead to perturbed lump-like structures correspondently given by
which are strictly connected to integrated λφ 4 , λχ 4 and sine-Gordon theories, respectively for φ (k) (y), χ (k) (y), and η (k) (y), and where we have set β = 1. One also notices that the above defects are symmetric under a parity operation over k, k → −k. The superpotential
, in the corresponding BPS scheme are given by
from which one can compute the associated energy densities, ρ (ϕ) (y) = ϕ (y) 2 . The kink-like structure, φ (k) (y), exhibits a topological charge Q = 2, and the lump-like structures are non-topological defects, i. e. Q = 0, where the charge is currently defined in Refs. [1, 2] 1 ,
The defect profiles, the associated energy densities, and the corresponding scalar field potentials are depicted in Fig. 1 for the triggering unperturbed solutions and for suitable values of the perturbative parameter, k. By adopting the nomenclature of topological mass, M , hereafter as to encompass all definitions of finite energy obtained through the integration of the localized energy density [29] ,
even for those non-topological (Q = 0) lump-like structures, one obtains
which are depicted in Fig. 2 .
Identifying whether generic solutions, ϕ(y), are stable under tiny time-dependent QM perturbations [65] corresponds to the next pertinent issue. For scalar field potentials encompassing kink-and lump-like defect structures [40, 42] , the BPS first-order framework [29, 40, 61, 62] prescribes perturbative corrections to the field equations of motion in terms of a Schrödinger like equation given in terms of field derivatives by
with ψ n (y, t) = ψ n (y) exp(−iω n t), from which a straightforward manipulation [65] leads to the zero-mode wave function (i. e. when ω 0 = 0), given by ψ 0 (y, t) ∝ ϕ (y). The function ϕ (y) corresponds to the quantum ground state if ϕ(y) is a kink and, therefore, ϕ (y) has no zeros (nodes). In this case, there would not be instability for modes with ω 2 n < 0. Kinks indeed exhibit a topological monotonic profile for which the derivatives with respect to the coordinate y have no nodes. On the other hand, lumps exhibit a non-topological non-monotonic behavior for which the derivatives with respect to y have at least one node.
Kinks give rise to stable zero-mode solutions, which are the ground states of the theory, and lumps admit unstable n-level excited state solutions of the Schrödinger-like equation (10) [47].
By identifying the zero-mode solution with ψ 0 (y, t) ∝ ϕ (y) and the corresponding QM potential with
The QM correspondence of the perturbatively deformed defect structures for φ (k) (y), χ (k) (y), and η (k) (y) are identified in the first and second columns of Fig. 3 . In addition, a perturbative expansion of the above obtained QM potentials, V ϕ QM (y), around k = 0 leads to approximated Pöschl-Teller potentials explicitly given by
i. e. lim k→0 V ϕ QM (y) = V ϕ P T (y), which are also depicted in Fig. 3 (third column) up to O(k 2 ).
In spite of exhibiting a simplistic derivation structure, the above introduced perturbative deforming procedure can be immediately connected to perturbative quantum mechanics, once that a correspondence with Pöschl-Teller potentials is noticed. One may thus obtain the perturbed energy spectrum and the corresponding excited states of the underlying Schrödinger quantum model supported by defect structures from (5) and (11) just departing from well-known Pöschl-Teller solutions. These aspects shall be explored in the following section.
III. PERTURBATIVE QUANTUM MECHANICS SUPPORTED BY THE PÖSCHL-TELLER THEORY
Let one considers the QM scenario from Eq. (10) for perturbatively deformed structures supported by the λφ 4 theory. Assuming that results for φ (k) (y), χ (k) (y), and η (k) (y) are qualitatively redundant, hereon only the model supported by φ (k) (y) shall be considered along the subsequent calculations (and the index φ shall be suppressed from the notation).
The overall behavior of the QM potential, V QM (y), and its zero-mode wave function, ψ 0 (y), as a continuous function of k can be depicted in Fig. 4 . Notice that the original Pöschl-Teller potential, V QM (y) for k = 0, with corresponding zero-mode states, is continuously deformed into a double-well system, as k increases. If k < 1, QM approximated solutions can be perturbatively obtained.
For the Pöschl-Teller potential obtained from the zero order term in the k expansion from Eq. (12),
one easily identifies the solutions of the corresponding Schrödinger equation by the normalized zero-mode wave function,
the normalized first excited state,
and the continuous-mode,
with
for which non-vanishing values for the continuous modes just assumed in the interval of y between −L and +L. The state with q = 0 can also be misinterpreted as a second excited state. Concerning the boundary properties, since it is out of the scope of our calculations, the wave number, q, is not quantized, and the mode ψ (q) (y) is properly treated as a continuous spectrum wave function 2 .
The discrete level eigenvalues (c. f. Eq. (10)) are correspondently given by [29] 
and, for the continuous mode, by
By treating V QM (y) under QM perturbations, one has
with δV (y) = 12 sech(y) 2 − 14 sech(y) 4 , which provides a satisfactory approximation for the quantum system if one considers the perturbative parameter, k 2 < 1. By identifying the energy perturbation as (21) with b = ∞ for levels 0, and 1 and with b = L for continuous levels, for q ∈ (−∞, +∞), one should have
where the corrections have been extended up to O(k 4 ), and
which vanishes for the limits of boundary conditions going to infinity, L → ∞. . To sum up, as pointed out in the beginning of this section, the above analysis can be straightforwardly extended to the previously introduced χ (k) (y) and η (k) (y) theories.
IV. CONCLUSIONS
A systematic procedure supported by perturbatively deformed defects has impelled the investigation of approximated Pöschl-Teller-driven QM systems and braneworld scenarios which encompass a real scalar field coupled to 5-dimensional gravity. Analytical profiles driven by input models of λφ 4 , φ (0) (y) = tanh(y), deformed λχ 4 , χ (0) (y) = sech(y) 2 , and deformed λη 4 , η (0) (y) = sech(y) theories have been obtained. Once they are perturbed by a running parameter k, deformed models, respectively named by φ (k) (y), χ (k) (y), and η (k) (y), are identified and exhibited as a natural connection to integrated λφ 4 , λχ 4 and sine-Gordon theories.
In this context, the existence of nonlinearities in the dynamical equations of motion for scalar field theories supposedly brings up some difficulties in obtaining analytical expressions for QM perturbations and driven braneworld solutions. The procedure introduced here eliminates some preliminary difficulties and may be extended to more complexified scenarios.
By specializing our calculations to structures supported by the λφ 4 theory, the overall behavior of the QM potential, V QM (y), and its zero-mode wave function, ψ 0 (y), as well as
Pöschl-Teller-driven QM approximated solutions, were perturbatively obtained. The mapping of solutions onto Pöschl-Teller-driven systems, even through a perturbative framework, is highly relevant in the sense that it opens an alternative window for computing excited states and continuous mode wave functions, as well as the associated energy spectrum, for quantum fluctuations triggered off by some topological defect families.
On the other hand, our machinery also allows one to build an analytical description of gravitating structures through topological defects that support thick brane scenarios which exhibit, through there energy density profiles, some perturbatively induced internal structure [63, [66] [67] [68] [69] [70] [71] [72] . In particular, in this context, the formation of a thick brane in 5-dimensional space-time has been investigated for warped geometries of AdS5 type once induced by scalar matter dynamics [73] . Given the analytical profiles here obtained, the same perturbatively deformed models can also be helpful in identifying braneworld scenarios, where the deformed potentials give rise to thick brane solutions that exhibit internal structures which reveal the presence of multiple phases in the brane. In addition, integrable models [4, 41, 67, 68] allows one to interpret the φ (k) (y) model as an analytical description of gravitating defect structures which admit the inclusion of thick branes [70] [71] [72] [73] [74] [75] with perturbatively induced smooth internal structures.
The outstanding result obtained from such a novel scenario is concerned with the generation of thick branes with internal structures as a perturbative effect, as it has been shown throughout our analysis.
Finally, an additional note relative to the configurational entropy [76, 77] of the perturbatively deformed systems can be raised up in the QM framework. Given that the defects φ (k) (y), χ (k) (y), and η (k) (y) exhibit an evident symmetry under a parity operation over k, k → −k, maximal configurational entropies are straightforwardly obtained for k = 0. It means that higher the perturbed solutions correlate with preliminary primitive solutions, closer k is to 0, and the solutions tend to the most ordered system, which, in certain sense, should be expected. 
